The effect of downstream valve closure scheduling was analyzed to find optimal closure parameters that lead to the minimal maximum pressure head in the water distribution system. Several valve closure strategies were explored, combining the known valve performance curve (change in flow as a function of change in valve's opened area) with unknown valve closure curve (change in valve's opened area as a function of time). Second-order polynomial curve, power function curve, and piecewise linear curve were implemented and compared. Genetic algorithm and quasi-Newton (QN) optimization methods were applied. The methodology was tested for three networks, including looped gravitational and pressurized networks. The results demonstrate that flexible multiparametric valve closure curve and QN optimization method are more effective in minimizing the maximum pressure head in the system.
INTRODUCTION
A water distribution system (WDS) conveys water from the water sources to water consumers. The operation of the WDS is maintained by controlling network active elements (actuators), i.e., pumps and valves, while keeping desired performance levels at network passive elements, e.g., pipes and tanks. Valves can be used to control flow and pressure (e.g., to protect pipes from excessive pressures) or completely block flow (prevent back-flow). Pumps are used to add hydraulic energy to the system (Merritt ) . The operation of network actuators induces transients in the system in the form of pressure waves traveling from the disturbance thorough the system (Boulos et al. ) . Improper operation of actuators, e.g., rapid valve closure or pump startup, can result in severe transients causing significant pressure oscillations (Azoury et al. ) . Three types of curves were implemented to model valve closure: (1) quadratic function, (2) power function, and (3) piece-wise linear. The optimal operation of valves or pumps was formulated as an optimization problem with the maximum pressure head as the objective function, transient equations as constraints, and operation parameters as decision variables. Two solution approaches were investigated to find optimal parameters for these curves: (1) genetic algorithm (GA) and (2) quasi-Newton (QN) approaches. The following sections describe the suggested approaches and demonstrate their performance using three water networks.
METHODOLOGY
The approach involves four main stages: (1) selection and definition of valve characteristic curve, closure duration and type; (2) hydraulic transient modeling and systems response to valve operation; (3) formulation and initialization of the optimization algorithms, i.e., parameterization of GA and QN; and (4) interpreting the solution results. The approach overview is presented in Figure 1 and highlights the main phases of the approach and the connections between them.
Transient modeling
A conceptual description of the water hammer phenomenon and the derivation of the mathematical model as a hyperbolic partial differential equation has been developed by Streeter & Wylie () , Chaudhry (), and Larock et al. () and is commonly applied in research and practice. The one-dimensional unsteady pressure flow equations describing the water hammer effect can be formulated as:
where V is the average velocity at a cross section, t is time, ρ is the fluid density, p is pressure, x is distance along the pipe measured from the upstream, g is the acceleration of gravity, θ is the angle between the pipe and the x-axis, f is friction factor, D is the pipe diameter, and a is the wave speed.
Equation (1) is the equation of motion and Equation (2) is the continuity equation for a compressible liquid in an elastic pipe.
These equations are complemented with a set of boundary conditions and require a numerical scheme to be solved. 
where Q i,j is the flow at node i at time j, C v is the discharge coefficient, A j is the valve open area at time j, and H i,j is the head at node i at time j. The value of the discharge coefficient C v is determined for steady state and assumed constant (Streeter & Wylie ) , while the changes are expressed by change in A j . Equation (3) is introduced as the controlled boundary condition at the location of the control valve and affects system response depending on the change in its cross-area.
Using Equation (3), we assume that change in the flow is known for a given valve opening and we look for the opti- 
Optimization problem
To ensure minimal transient effect on the system, we examine how different valve closure strategies influence the resulting pressures, in other words, we are looking for the optimal way to change valve opening area with time to control the pressures in the system.
Given network parameters K (e.g., layout, pipes' length, diameter, friction coefficient, demands at nodes), a set of equations describing system response to transients induced by operation of valves TS, a characteristic curve describing the area-flow valve response, and a control variable c, the objective of the optimization problem is to find the optimal control parameters such that the maximum pressure head in the system, z, is minimized. The problem is formulated as follows:
Valve characteristic curves
Three types of curves are examined as potential valve closure curves: quadratic, power, and piece-wise linear.
Quadratic formulation
Percent of valve opened area is defined as a second-order polynomial of the closure time: 
Power formulation
The percent of valve opened area is defined as a power function: 
Piece-wise linear formulation
The percent of valve opened area is defined as a linear function for five regions with step 0.2 in closure time. Initially, this defines ten coefficients, but taking border conditions and curve continuity into account, only four decision variables, denoted as c 1 , c 2 , c 3 , and c 4 , are required.
If the five linear equations are denoted as:
then 
Optimization methods
Two optimization approaches were considered in this study:
genetic and QN algorithms, as described below.
GA
GA is a commonly used evolutionary algorithm for solving non- To solve the depicted valve closure problem, GA is applied directly using ga function in Matlab (MATLAB ) with decision variable c corresponding to the closing curve (one or four variables, depending on the chosen curve).
QN algorithm
QN methods are iterative and generally involve computations of objective function z and its gradient ∇z at each iteration. The basic form of the QN method is the following:
1. Set number of iterations k ¼ 0. Make an initial guess c k .
Initialize H k ¼ I, the n by n identity matrix, n is the number of decision variables.
The matrix H k is an approximation of the inverse of the Hessian at the current iterate. By approximation of the inverse of the Hessian we do not need to solve the linear system to find search direction, but only multiply this approximated matrix by the gradient (Bryan ). 2. Compute objective function z(c k ), the maximum pressure head in the system for given initial guess, and its numerical gradient ∇z(c k ) and take the search direction h k as h k ¼ ÀH k ∇z(c k ). Numerical gradient is calculated using transient simulation to compute the response z for c k þ ε and c k
where c i is the element of the vector c k , i∈ 1. n, n ¼ 1 or n ¼ 4 ε is taken equal to 10 À4 . 
where The QN method is the method for unconstrained optimization; therefore, decision variable bounds were not applied in this approach.
EXAMPLE APPLICATIONS
Three case studies were explored in this work through base runs and sensitivity analyses, as described below.
Case study 1
This example represents a simple WDS, comprising a reser- is 900 mm, Darcy-Weisbach coefficient is 0.02, and wave speed is 1,000 m/s. Steady state velocity is 1.3 m/s.
Three valve closure curves and two optimization algorithms were applied to find the minimum of the maximum pressure head resulting from a 5-second valve closure at node 2. Table 1 and slower closure at the end (c2… c4 >À 1). • for quadratic and power closure curves, the QN method is numerically stable and converges to the same value from any initial guess within a variable domain (Figure 7 (a) and 7(b)); • for piece-wise linear closure curve, the QN method shows high sensitivity to the initial guess (Figure 7(c) ).
Numerical sensitivity of the QN method can be An additional check was conducted to investigate whether a smaller number of parameters of the piece-wise closure curve leads to the same optimal result and better QN method convergence. One-and two-parameter formulations do not have enough flexibility to achieve the optimal maximum pressure head. Three-parameter formulation allows the optimal solution to be obtained, but QN algorithm convergence does not improve. Thus, fourparameter piece-wise linear closure curve without changes was chosen to be used in further case studies.
Sensitivity analysis
In the previous section, we presented optimization results for valve closure strategy that incudes closure curve com- Algorithms' performance is compared using number of function evaluations, i.e., number of times the optimization algorithm refers to transient simulation routine, as a reference parameter.
GA requires 2,600-3,600 function evaluations when combined with quadratic closure curve, 2,900-3,900 func- 
The sensitivity of the optimization methods was explored by modifying case study 2 with the following changes:
Case study 2.1. Constant demand of 100 L/s is added at node 3 (Figure 9(a) ).
Case study 2.2. Reservoir with constant head of 167 m is added at node 5 with new connecting pipe 10; all pipe parameters repeat the parameters of pipe 9 (Figure 9 (b)).
Case study 2.3. New junction 8 is added in the middle of pipe 9, now dividing it into pipe 9 (new) and pipe 11;
all parameters are equivalent to initial pipe 9. New pipe 10 connects node 5 and node 8; all pipe parameters repeat the parameters of pipe 8 (Figure 9(c) ).
Case study 2.4. Change in diameter of pipe 9. Case 2.4.1:
diameter is decreased to 0.61 m; case 2.4.2: diameter is increased to 1.3 m (Figure 9(d) ). 4. From a computational aspect, the previously found tendency holds: QN requires two to ten times less transient simulation runs than GA.
Case study 3
The network comprises 11 pipes arranged in two loops as shown in Figure 11 , two reservoirs at nodes 1 and 10, a pump at node 2, and a valve at node 9. Reservoir head at Additional network data are given in Table 5 .
During the steady state, the maximum pressure head is equal to 62.1 m and the minimum pressure head is 39.6 m. In addition, the method shows high instability and converges to the denoted result only from certain values of the initial guess.
Pump shutdown
In this case, we apply closure curves and optimization methodology to find an optimal way to shut down the pump at node 2 within 4 seconds so that it results in the minimal maximum pressure head. For a variable speed pump, its characteristic curve as a function of the speed can be formulated as (Streeter & Wylie ) :
where N is the pump speed (rounds per minute) and C 1 -C 3 are the pump curve coefficients, H is the hydraulic grade line, and Q is the discharge.
Then we reformulate closure curves from previous case studies as change in speed curves, meaning quadratic and piece-wise curves now describe the change in pump speed QN results are slightly better:
• for quadratic change in the speed: 74.1 m and 13.6 m minimum and maximum pressure head, respectively, optimal curve coefficient c ¼ 2.02;
• for piece-wise linear change in the speed: 68.5 m and 24.1 m minimum and maximum pressure head, respectively, optimal curve coefficients c 1 ¼ À6.42, c 2 ¼ 3.53,
Transient simulation results for this case and QN optimal results are presented in Figure 12 (b). In this case, the QN method is stable with respect to initial guess. However, since the method is unconstrained, the resulting coefficients for speed change curves imply secondary speeding up of the pump after the shutdown process is started before the complete pump stop (Figure 12(b) , oscillations within first 4 seconds).
The obtained results imply that appropriate change in speed allows avoiding cavitation and negative head in the system and reduces the maximum pressure head significantly. Hence, without change in the pump shutdown time, negative effects of the transient can be eliminated by choosing the appropriate way to change pump speed only. 
CONCLUSIONS

